We define a family of pseudo metrics on B 3 and study elementary properties of the associated metric spaces. As an application we prove that, for any a > 0 and for any countable-to-one function f from (S 2 , d E ) to [0, a], the set N M n f = {x ∈ S 2 | ∃y ∈ S 2 such that f (x) − f (y) > nd E (x, y)} is uncountable for all n ∈ N, where d E is the standard Euclidean metric on S 2 = {(x, y, z) ∈ R 3 | x 2 + y 2 + z 2 = 1}.
standard Euclidean metric. Note that the distance between two points which are near antipodal should be changed, too, to satisfy the triangle inequality of new metric.
Consider all possible isometric embeddings of any family of Euclidean 2-spheres, with not necessarily different radii, into B 3 = (x, y, z) ∈ R 3 | x 2 + y 2 + z 2 ≤ 1 up to rotation. We restrict our interest to families of isometric embeddings of Euclidean 2-spheres which cover B 3 and in which any two point in B 3 can be connected with finite number of embedded 2-spheres. Therefore we get a family of path-connected metrics on B 3 . We change the metrics of embedded 2-spheres, in arbitrary way, from the standard Euclidean metric to the new metrics which we already defined. Therefore we get a family of pseudo metrics on B 3 . We study only these pseudo metrics in this paper, but they can be generalized to a larger family of pseudo metrics on B 3 . We define the larger family of pseudo metrics in the last section for the further study.
Every pseudo metric defines an associated metric space. If the associated metric space of such a pseudo metric is locally R 3 , then it is a connected 3-manifold. We study elementary properties of the associated metric space through the definition of piecewise dense family of isometric embeddings. As an application we prove that, for any a > 0 and for any countable-to-one function f from (S 2 , d E ) to [0, a] , N M n f is uncountable for all n ∈ N. Therefore SF (N, H) does not contain any countable-to-one function. Lemma 6 In Definition 1,
(1) If ∠P OQ = π − 2α then d E (P, Q) = 2rs + d E (−P, Q) = √ 2r 2 − r 2 s 2 + rs.
(2) If ∠P OQ = 2α then d E (P, Q) = √ 2r 2 − r 2 s 2 − rs.
PROOF.
(1) Let ∠P OQ = π − 2α.
Therefore, from 0 ≤ α < π/4, cos α = √ 2 − s 2 + s 2 .
Therefore d E (P, Q) − d E (−P, Q) = 2r(cos α − sin α) = 2rs
(2) Let ∠P OQ = 2α. Because ∠(−P )OQ = π − ∠P OQ = π − 2α, from (1),
Remark 7 In Definition 1,
Fact 8 [5] Let Σ be the 2-sphere of radius r. Let p, q ∈ Σ. If we define ρ(p, q) = rθ, where θ is the angle from p to q, then ρ is a metric.
Lemma 9 Let P, Q, R, S ∈ S 2 r and let α be the angle in Definition 1.
PROOF. From Lemma 6 and Remark 7, we may assume 2α > ∠P OQ and 2α > ∠ROS. Since ∠P OQ+∠ROS ≥ 2α, we can find three points X, Y, Z ∈ S 2 r such that ∠XOY = ∠P OQ, ∠Y OZ = ∠ROS and ∠ZOX = 2α because we can move an arc on a great circle without chaning the shape of the arc from one place to any other place on S 2 r . Note that we may use a rotation with respect to midpoint of the arc followed by a translation along the great circle which is through the midpoint of the arc. PROOF.
(1) • Because eq. (1) and eq. (2) cannot be negative, d
(3) To prove triangle inequality, let P, Q, R ∈ S 2 r .
• If ∠P OQ, ∠QOR and ∠ROP are not greater than π − 2α, then d
satisfy the triangle inequality because they are all Euclidean distances.
• Suppose that only one angle, say ∠P OQ, is greater than π − 2α.
Note that ∠(−P )OQ = π − ∠P OQ < 2α. From Remark 7,
From Fact 8, we have ∠(−P )OQ + ∠QOR + ∠ROP ≥ ∠(−P )OP = π. Therefore, from ∠QOR ≤ π − 2α and ∠ROP ≤ π − 2α, we have ∠(−P )OQ + ∠ROP ≥ 2α and ∠(−P )OQ + ∠QOR ≥ 2α. From Lemma 9
From eq. (4), eq. (5) and Remark 7
Therefore the triangle inequality is satisfied.
• If two angles, say ∠P OQ and ∠ROP, are greater than π − 2α, then
Therefore the triangle inequality of d s K is satisfied because of the triangle inequality of d E .
• If all of the three angles are greater than π − 2α then, from Remark 5,
Therefore the triangle inequality is satisfied. 2
Theorem 11
In Definition 1,
r and for all s ∈ (0, 1].
PROOF. From Definition 1 and Remark 3, we may assume that ∠P OQ > π − 2α and s = 1. Let ∠P OQ = π − 2β > π − 2α. Note that 0 ≤ β < α < π 4
and cos x − sin x is a decreasing function on [0,
). From Definition 1 and eq. (3),
Notation Let X be a set and d be a metric on X. (X, d) is the topological space X with the topology induced by the metric d.
PROOF. By Theorem 11, the identity map from (S
Theorem 13 Suppose that φ be an isometry of (S
PROOF. Note that ∠P OQ = ∠φ(P )Oφ(Q). Therefore we may assume that ∠P OQ > π − 2α. Note that
3 A family of pseudo metrics on B 3 and their associated metric spaces
In this section we define a family of pseudo metrics on B 3 and study their associated metric spaces. Let
Definition 14 Let Λ be a subset of
Let r be the function on Λ such that r(λ) = λ 2 and let ǫ λ be an isometric embedding of (S
Definition 15
Let Ω E is the family of E(Λ)'s satisfying the following conditions.
•
• For every P, Q ∈ B 3 , there exist
Note that the second condition implies the first condition.
Definition 16 Let E(Λ) ∈ Ω E and let s be any function from Λ to (0, 1]. Let P, Q ∈ B 3 and let
where
Remark 17 Note that d
does not depend on the choice of ǫ λ because of Theorem 13. Therefore we can use the following simplified notation instead of eq. (7).
Proposition 18 Let E(Λ) ∈ Ω E and s : Λ → (0, 1] be any function. Let P, Q ∈ B 3 and let
(10)
Therefore, from eq. (1), eq. (10) and Remark 4,
(2) Note that K is independent of the choice of ǫ λ .
Remark 21 From Theorem 20
Theorem 22 [2] The continuous image of a path-connected space is pathconnected.
Theorem 23 [4] Every pathwise connected set is connected.
Proposition 24 Let E(Λ) ∈ Ω E and let s be a function from
Remark 26 If X 0 , · · · , X n satisfy the condition in Definition 25, then
Proposition 27 Let 0 < r ≤ 1 and let ∆ be the set in Definition 14.
If Λ contains ∆ r for some r > 0, then E(Λ) ∈ Ω E and piecewise dense.
(1) Suppose that P, Q ∈ B 3 \ ∂B 3 . Let
Note that, for any point R ∈ P Q, we have
Therefore, if t ≤ t 1 then
Therefore (R, t) ∈ ∆. Note that t ≤ t 1 ≤ r. Therefore (R, t) ∈ ∆ r ⊂ Λ for all R ∈ P Q and for all t ≤ t 1 .
Choose P 1 ∈ P Q such that d E (P, P 1 ) = t 1 . Let X 1 be the point on P Q such that d E (P, X 1 ) = 2t 1 . Note that P and X 1 are antipodal on ǫ (P 1 ,t 1 ) (S
If X 1 = Q, we are done. If X 1 = Q, repeat the same procedure as above until we get (See Fig. 3 .)
Let P n be the mid point of
Note that
satisfies the condition in Definition 25. (2) Suppose that P ∈ ∂B 3 and Q ∈ B 3 \ ∂B 3 . Let
If X 1 = Q we are done. If X 1 = Q apply (1), for the two points X 1 and Q, to get [X, λ, n] which satisfies the condition in Definition 25. (See Fig. 3 .) (3) Suppose that P, Q ∈ ∂B 3 . Let
Let S be the point on OP such that d E (O, S) = 1 − t 4 . Note that (S, t 4 ) ∈ ∆ r ⊂ Λ. Let
If X 1 = Q we are done. If X 1 = Q apply (2), for the two points X 1 and Q, to get [X, λ, n] which satisfies the condition in Definition 25. (See Fig. 3 .) (4) From above proof, it is clear that E(Λ) ∈ Ω E . 2 Proposition 28 Let E(Λ) ∈ Ω E and let s : Λ → (0, 1] be any function.
(1) If E(Λ) is piecewise dense, then
(2) If s is bounded below by some s 0 > 0, then
is piecewise dense and s is bounded below by some s 0 > 0 , then
PROOF.
(1) We may assume that P = Q. Because E(Λ) is piecewise dense we can choose [X, λ, n] ∈ Γ P,Q such that, for all 0 ≤ i ≤ n − 1, X i is on the Euclidean segment P Q and d E (P, X i ) < d E (P, X i+1 ).
From Theorem 11,
(2) From Theorem 11, PROOF.
(1) It is clear from eq. (11) and Remark 21.
(2) By eq. (12), P = {P } for all P ∈ B 3 . Therefore the map is well defined. The continuity of the map comes from eq. (12) and Remark 21. (3) By eq. (12), P = {P } for all P ∈ B 3 . Therefore, from Remark 21, Example 31 Let
s O, n − 1 n = 1 n for n ≥ 2, n ∈ N and s = 1 otherwise.
Note that, by Proposition 27, E(Λ) is piecewise dense and, by Remark 30, (B (
Example 32 Let Note that, by Proposition 27, E(Λ) is piecewise dense and, by Remark 30,
Therefore the identity map from (B 3 , d 
Application
If a function has no regularities such as continuity and differentiability, then the only remaining structure is the cardinalities of its preimages. Using the theory of previous section, we can prove a theorem which will be the first step for the research on SF (N, H) .
Definition 33 Let f : S 2 → R be a function and n ∈ N. Define
Remark 34 Note that N M n f does not contain the set of discontinuities of f .
For example, let D be a countable dense subset of S 2 and define
then N M n f = D for all n ∈ N and f is discontinuous at every point on S 2 .
Fact 35 R 2 \C is path-connected if C is a countable subset of R 2 . Therefore S 2 \ C is path-connected if C is a countable subset of S 2 .
Let A = R 2 \ C and let P, Q ∈ A. There are uncountable straight lines in A which contain P and there are uncountable straight lines in A which contain Q. We can choose non parallel two lines to find a path from P to Q. Therefore Fact 35 is true.
Remark 37 Theorem 36 is not true for
Note that f −1 (t) has at most two elements for all t and N M 2 f = ∅.
Remark 38 Countability of f −1 (t) is crucial in Theorem 36.
Note that f −1 (t) uncountable for all 0 < t < 1 and
Theorem 39 Let a > 0 and let f :
PROOF. Choose n ∈ N such that n > a.
Define a function g by g(x) = 1 n f (x). Then
Note that g −1 (t) is countable for all t because g −1 (t) = f −1 (nt). Therefore, by Theorem 36, N M 
PROOF.
Note that g −1 (t) is countable for all t because g −1 (t) = f −1 (nt). Therefore, by Theorem 39, N M 
Definition 41
and s = 1 otherwise.
or the image of ǫ (P,t) does not intersect ∂B 3 .
Note that, by Proposition 27, E(Λ) ∈ Ω E and E(Λ) is piecewise dense. Note also that the function s is bounded below by 1 2 because f (x) ≥ 0. Therefore, by Theorem 29, the identity map from (
PROOF. Suppose that P, Q ∈ B 3 and d
There exists j such that
From Definition 41,
and Proposition 18,
Because Λ is piecewise dense, from eq. (11), d
Λ,s
Lemma 43
If
PROOF. Because Λ is piecewise dense, from eq. (11),
Therefore, by Lemma 42, d
Let O = (0, 0, 0) ∈ B 3 and x ∈ ∂B 3 . From Definition 16 and Proposition 18,
and
Definition 44 Let O = (0, 0, 0) ∈ B 3 and x ∈ ∂B 3 . Define
Note that, for all x ∈ ∂B 3 ,
Lemma 45 d
If there is no i such that
There exists unique j = 1 such that X j−1 and X j are antipodal on ǫ λ(j) (S 2 r(λ(j)) , d E ) and λ(j) = y 2 , 1 2 for some y ∈ ∂B 3 .
Let X j−1 = z and X j = −z.
Note that z and − z are antipodal on ǫ λ(j) (S 2 r(λ(j)) , d E ). Note also that O and y are antipodal on
then, by Lemma 42 and Lemma 43,
Therefore, by eq. (17), eq. (18) and Lemma 45,
PROOF.
Suppose that d
Therefore, by Proposition 46, there exists y ∈ ∂B 3 such that
Therefore, from Lemma 42, d
is countable, where Q is the set of rational numbers. Let
By Proposition 47,
and irrational for all x ∈ A.
Define a function
Because E(Λ) is piecewise dense, from eq. (11), Definition 48 Let E(Λ) ∈ Ω E and let s, ν : Λ → (0, 1] be arbitrary functions. Let P, Q ∈ B 3 . Define
Remark 49 Note that d Λ,s,ν is a pseudo metric on B 3 and let (B Question How many connected 3-manifolds can we construct in this way up to homeomorphism?
Question Suppose that N is homotopically equivalent to S 3 . Can we find homotopy equivalence H : N → S 3 such that F (N, H) = SF (N, H) ?
Calculations for Examples
In this section, we prove the claims in examples in Section 3.
Example 31 Let Λ = ∆ = (P, t) | P ∈ B 3 \ ∂B 3 , t ∈ (0, 1 − d E (O, P ) ] , s O, n − 1 n = 1 n for n ≥ 2, n ∈ N and s = 1 otherwise.
(1) Suppose that P = Q. Then d Λ,s K (P, Q) = 0 if and only if P ∈ ∂B 3 and Q = −P on ∂B 3 .
PROOF.
Suppose that P ∈ ∂B 3 and let n ≥ 2, n ∈ N.
Let X 1 be the point on OP such that d E (O, X 1 ) = n − 1 n and X 2 be the point on (O)(−P ) such that d E (O, X 2 ) = n − 1 n .
Let λ(1) = R 1 , 1 2n , λ(2) = O, n − 1 n and λ(3) = R 2 , 1 2n , where R 1 ∈ OP , R 2 ∈ O(−P ) and d E (P, R 1 ) = d E (−P, R 2 ) = 1 2n .
Since ((P, X 1 , X 2 , −P ), (λ(1), λ(2), λ(3))) ∈ Γ P,−P , we have
From lim n→∞ 4n − 2 n 2 = 0, we have d Λ,s K (P, −P ) = 0.
To prove the converse suppose that Q = −P. Let Note that F is a closed set in (B 3 , d E ).
• Suppose that P or Q is not in F . We may assume that P is not in F .
If not, choose smallest j such that d s(λ(j)) K (X j−1 , X j ) = d E (X j−1 , X j ).
Note that X j−1 ∈ F and d s(λ(k)) K (X k−1 , X k ) = d E (X k−1 , X k ) for all 1 ≤ k ≤ j − 1. Therefore 
